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Abstract. This paper presents two observability inequalities for the heat 
equation over f2 X (0, T). In the first one, the observation is from a sub- 
5h ■ set of positive measure in H X (0, T), while in the second, the observation 

is from a subset of positive surface measure on dQ X (0, T). It also proves 
the Lebeau-Robbiano spectral inequality when H is a bounded Lipschitz and 
locally star-shaped domain. Some applications for the above-mentioned ob- 
servability inequalities are provided. 



1. Introduction 

Let be a bounded Lipschitz domain in M" and T be a fixed positive time. 
Consider the heat equation: 



(1.1) 



dtU-Au = 0, innx(0,T), 
u = 0, ondnx {0,T), 

u{0) — Uo, in 51, 

with Uo in i^(51). The sohition of (|l.ip wih be treated as either a function from 
[0,T] to L^(f2) or a function of two variables x and t. Two important apriori 
estimates for the above equation are as follows: 



(1.2) ||u(r)||i2(o) < iV(ll,T,2)) / \u(x,t)\dxdt, for ah Uo e L^(fl), 
where 2) is a subset of 51 x (0,T), and 

(1.3) h(r)|U2(o) < A^(ll,r,a) I \^u(x,t)\dGdt, for aU uo G L^i^l), 



a 

where 3 is a subset of 3f2 x (0,r). Such apriori estimates are called observability 
inequalities. 

In the case that !D = a; x (0,r) and 3 = F x (0,T) with bj and F accordingly 
open and nonempty subsets of 52 and 951, both inequalities (|1.2p and (|1.3p (where 
951 is smooth) were essentially first established, via the Lebeau-Robbiano spectral 
inequalities in [28| (See also [291 [SH [T^). These two estimates were set up to 
the linear parabolic equations (where 951 is of class C^), based on the Carleman 
inequality provided in [18]. In the case when D = a; x (0,T) and 3 = F x (0,r) 
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with uj and F accordingly subsets of positive measure and positive surface measure 
in Q, and dO., both inequahties ()1.2p and (|1.3p were built up in with the help of a 
propagation of smallness estimate from measurable sets for real-analytic functions 
first estabhshed in [43] (See also Theorem lU . For T> = lo x E, with a; and E 
accordingly an open subset of Q and a subset of positive measure in (0,T), the 
inequality (|1.2|) (with dfl is smooth) was proved in [44] with the aid of the Lcbeau- 
Robbiano spectral inequality, and it was then verified for heat equations (where 
is convex) with lower terms depending on the time variable, through a frequency 
function method in [S^. When "D = uj x E, with cj and E accordingly subsets of 
positive measure in and (0,T), the estimate (|1.2p (with dft is real-analytic) was 
obtained in [45] , 

The purpose of this study is to establish inequalities (|1.2p and (|1.3|) . when D 
and 3 are arbitrary subsets of positive measure and of positive surface measure in 
il X (0,T) and dil x {0,T) respectively. Such inequalities not only arc mathemat- 
ically interesting but also have important applications in the control theory of the 
heat equation, such as the bang-bang control, the time optimal control, the null 
controllability over a measurable set and so on (See Section [5] for the applications). 

The starting point we choose here to prove the above-mentioned two inequali- 
ties is to assume that the Lebeau-Robbiano spectral inequality stands on f2. To 
introduce it, we write 

< Ai < A2 < • • • < Aj < • • • 
for the eigenvalues of — A with the zero Dirichlet boundary condition over dCl, and 
{sj : J > 1} for the set of L^(n)-normalized eigenfunctions, i.e., 

{Acj + XjCj — 0, in f2, 

Cj ~ 0, on dn. 

For A > we define 

£a/ = ^'^'^ = 5Z ^J' 

Aj<A Aj>A 

where 

(/>ej) = / fejdx, when / e L^{n), j > 1. 

Throughout this paper the following notations are effective: 

if, 9) / fgdx and ||/||l2(s^) = (/,/)' ; 

V is the unit exterior normal vector to 9r2; do is surface measure on 9f2; Br(xo) 
stands for the ball centered at xo in K" of radius R; Ar{xo) denotes BR{xa) n dVl] 
Br -Bi?,(0), A_R = A/?,(0); for measurable sets a; C M" and 2) C M" x (0,T), \u\ 
and \D\ stand for the Lebesgue measures of the sets; for each measurable set 3 in 
dVL X (0, T), |3| denotes its surface measure on the lateral boundary of x R; {e*^ : 
f > 0} is the semigroup generated by A with zero Dirichlet boundary condition 
over 9n. Consequently, e*'^/ is the solution of Equation with the initial state 
/ in L^(r2). The Lebeau-Robbiano spectral inequality is as follows: 

For each Q < R < 1, there is N = N{Q,R), such that the inequality 

(1-4) ||£,/|U.(o) <^e'^^!|£A/||L^(B„(.„)) 

holds, when Bin^xo) C fi, / G L^{fl) and A > 0. 
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To our best knowledge, the inequality (|1.4p has been proved under condition that 
dn is at least ISHUMlllIlEl. In the current work, we obtain this inequality when 
17 is a bounded Lipschitz and locally star-shaped domain in R" (Sec Definitions [1] 
and|4]in Section 3). It can be observed from Section |3] that bounded domains, 
polygons in the plane, Lipschitz polyhedrons in M", with n > 3, and bounded 
convex domains in R" arc always bounded Lipschitz and locally star-shaped (See 
Remarks H] and m in Section 3). 

Our main results related to the observability inequalities are stated as follows: 

Theorem 1. Suppose that a bounded domain f2 verifies the condition ()1.4|) and 
T > 0. Let xo G 51 and R € (0, 1] be such that B4fi{xo) C fi. Then, for each 
measurable set T) C Bf{{xo) x (0,r) with \T)\ > 0, there is a positive constant 
B = B(n, T, R, T>), such that 

(L5) \\e^^f\\mn)<e'' f \e'^ f{x)\ dxdt, when f e L\n). 

JD 

Theorem 2. Suppose that a bounded Lipschitz domain f2 verifies the condition 
()1.4|) and T > 0. Let qq G dQ and R G (0, 1] be such that Am^qo) is real- analytic. 
Then, for each measurable set 3 C Afl(go) x (0,r) with \3\ > 0, there is a positive 
constant B = B{il, T, R, 3), such that 

(1.6) 116^^^/1^2(0) < / ||;e*^/(x)|dadi, when f e L^Q). 

•Id 

The definition of the real analyticity for A4/j((7o) is given in Section 4 (See Defini- 
tion E]). 

Theorem 3. Let Q be a bounded Lispchitz and locally star-shaped domain in M". 
Then, f2 verifies the condition (|1.4p . 

It deserves mentioning that Theorem [5] also holds when 17 is a Lipschitz polyhe- 
dron in M" and 3 is a measurable subset with positive surface measure of 917 x (0, T) 
(See the part {ii) in Remark [TT|) . 

In this work we use the new strategy developed in [39| to prove parabolic observ- 
ability inequalities: a mixing of ideas from [34], the global interpolation inequalitiy 
in Theorems [51 and [TUl and the telescoping series method. This new strategy can also 
be extended to more general parabolic evolutions with variable time-dependent sec- 
ond order coefficients and with unbounded lower order time-dependent coefficients. 
To do it one must prove the global interpolation inequalities in Theorems [H] and 
[TOl for the corresponding parabolic evolutions. These can be derived in the more 
general setting from the Carleman inequalities in [8l HI [121 [13 [H] or from local 
versions of frequency function arguments [101 [33]. Here we choose to derive the 
interpolation inequalities only for the heat equation and from the condition p.4p 
because it is technically less involved and helps to make the presentation of the 
basic ideas more clear. 

The rest of the paper is organized as follows: Section [2] proves Theorem [T] 
Section 3 shows Theorem [3] Section [J] verifies Theorem [2] Section [S] presents some 
applications of Theorem[l]and Theorem[2]in the control theory of the heat equation 
and Section[n]is an Appendix coniplcteting some of the technical details in the work. 
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2. Interior observability 

Throughout this section denotes a bounded domain and T is a positive time. 
First of ah, we recall the following observability estimate or propagation of smallness 
inequality from measurable sets: 

Theorem 4. Assume that f : B2R C — > M is real- analytic in B2R verifying 

< , when X e B2R, a e N", 

for some M > and < p < 1 • Let E C Br he a measurable set with positive mea- 
sure. Then, there are positive constants N ~ N(p, \E\/\Br\) and 6 ~ d{p, \ E\/\Br\) 
such that 



(2.1) \\f\\L-iB,)<N(^£\f\dx^ 

The estimate (|2.1[) is first established in [55] (See also [37] and [33 for other close 
results). The reader may find a simpler proof of Theorem |3] in [5J §3], the proof 
there was built with ideas taken from [33], [37] and [43]. 

Theorem U and the condition (jl.4[) imply the following: 



Theorem 5. Assume that il verifies (|1.4p . uj is a subset of positive measure such 
that UJ C Br{xq), with B4r{xo) C for some R e (0, 1]. Then, there is a positive 
constant N = N(D,, R, |a;|/|i?fl|) such that 

(2.2) 1|£a/1|l2(o) < iVe^^||£A/|Ui(^), when f G L''{n) and A > 0. 

Proof. Without loss of generality we may assume xq = 0. Because B4R C fl and 
pr4)) stands, there is TV = N{n, R) such that 



(2.3) \\£x.f\\mn} < Ne^'^WEx.fhHBu), ^hen / e L^il) and A > 0. 
For / G L^(0) arbitrarily given, define 

uix,y)= J2{f,e,)eV^ye,. 

One can verify that Au + 9^w = in 54^(0, 0) C 17 x M. Hence, there are N = N{n) 
and p = p{n) such that 

1 

For the later see [36l Chapter 5], [22l Chapter 3]. Thus, £,\f is a real-analytic 
function in B2R, with the estimates: 

Wd^exfh^iB.j,) < iV|«|!(i?p)"'"'hllL==(Ox(-4,4)), for a e N". 

By either extending |u| as zero outside of $7 x R, which turns |u| into a subharmonic 
function in ]R"+^ or the local properties of solutions to elliptic equations [20l The- 
orems 8.17, 8.25] and the orthonormality of {ej : j > 1} in il, there is TV = N{il,) 
such that 

I|u||l=o(ox(-4,4)) < A^||"IU^(Ox(-5,5)) < ^e^^||£A/|U2(o). 
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The last two inequalities show that 

\\d^Exf\\L-iB._„.) < Ne^^\a\\ \\E.xf\\mn), for a G N", 

with TV and p as above. In particular, £>/ verifies the hypothesis in Theorem 2] 
with 

M = iVe^^||£A/||L^(n), 
and there are N = N{n, R, \uj\/\Br\) and 6 = e{n, R, \uj\/\Br\) with 

(2.4) I|£a/|U^(b«) < ^e^^l|£A/||^i(.)i|£A/|li7(%- 

Now, the estimate ((^ follows from (^3]) and (pTi]) . □ 

Theorem 6. Lei $7, xq, R and to be as in Theorem O Then, there are N = 
N{n,R,\uj\/\Bii\) ande = e{n,R,\ui\/\BR\) e (0,1), such that 

(2.5) lle*'^/llL=(o) < {Ne^We'^fh^^))' W^'^fWl^ny 
when < s <t and f € i^(r2). 

Proof. Let < s < t and / £ L'^{n). Since 

l|e*^£f /lU^(n) < er^^'-^^\\e/^f\\mn), when / G L^^f^)^ 
it follows from Theorem [5] that 



< 



Ne^^^ [lie*'^/|U.(.) + ||e*^£f /IU^m] + e-^(*-)|le^^/|l 



L2(0) 



< Ne 



Consequently, it holds that 

(2.6) ||e*^/|U.(o) < ^e^^ [||e*^/||Li(.) + e-^(*-^) ||e^^/|U.(a) 
Because 



max e 

A>0 



it follows from (|2.6p that for each A > 0, 

Setting e = e^^*^'^"' in the above estimate shows that the inequality 

(2.7) ||e*^/||L^(o) < Ne^ [e-^||e*^/|Ui(^) + e\\e/^fU.^n)] , 

holds, for all < e < 1. The minimization of the right hand in (|2.7p for e in (0, 1), 
as well as the fact that 



||e*^/|U2(j,) < ||e^^/|U.(o), whent>s, 



implies Theorem [HI 



□ 



6 



J. APRAIZ, L. ESCAURIAZA, G. WANG, AND C. ZHANG 



Remark 1 . Theorem shows that the observability or spectral elliptic inequality 
()2.2p implies the inequality p.Sp . In particular, the elliptic spectral inequality ()1.4|) 
implies the inequality: 

(2.8) ||e*^/||L^(o) < (A^e^|le*^/|U.(B„(.„)))'lk-^'^/lli=(0). 

when <s <t, BiR{xa) C fl and f G L^{n). In fact, both ([2^ and ([23]) or ([L4|) 
and ()2.8p are equivalent, for if ()2.5|) holds, take f = X^a <A ^-^^ ^^^j^j ^ s = and 
t = l/\/X in (|2.5p to derive that 

A,<A Aj<A 



^ a^j ' < TVe^^l ^ ajCj ^, w/ien Oj € M, j > 1,A > 0. 



r/ie interested reader may want here to compare the previous claims, Theorem\3l 
and [39l Proposition 2.2]. 

Lemma 1. Let Bii{xo) C and D C Br{xq) x (0,T) be a subset of positive 
measure. Set 

Vt^{xen: {x,t) e ©}, E = {te (0,T) : \'Dt\ > |B|/(2r)}, t e (0,T). 

Then, 'Dt d is measurable for a.e. t G (0,T), i? is measurable in {0,T), \E\ > 
|D|/2|SflJ and 

(2.9) X£(0X2), (x) < XV (x, i), 1] X (0, T). 

Proof. From Fubini's theorem, 

\Vt\dt= f \Vt\dt+ [ \Vt\dt<\BR\\E\ + \V\/2. 

Jo JE J[0,T]\E 

□ 

Theorem 7. Let xq E fl and R e (0, 1] be such that B4r{xo) C il. Let T) C 
Br{xo) X (0,T) 6e a measurable set with \D\ > 0. Write E and Dt for the 
sets associated to D in Lemma [IJ Then, for each rj € (0, 1), there are N = 
N{n,R,\V\/ [TIBrD ,ri) and = e{n, R,^/ (T\Br\) ,r]) with € (0,1), such 
that 



(2.10) ||e*^^/||L^(o) < (iVe^/^*=-*^)^*\^,(s)||e^^/|U.(^^)ds) ||e*^^/|l^ 



when <ti <t2 <T, \En{ti,t2)\> r](t.2 - ii) and f e L'^{n). Moreover, 
N+i-e . . N+i-e . . 

e-Ti-ir||e*-^/|U.(o) - e-Wi-TT) ||e*i^/|U2(o) 

(2.11) rt2 

<N XE{s)\\e'^f\\LHV^}ds, when q > {N + 1 - 0)/{N + 1). 



ti 

Proof. After removing from E a set with zero Lebcsguc measure, we may assume 
that Df is measurable for all t in E. From Lcmma[Tl Dt C Br{xo), B4r{xo) C 
and \Vt\/\BR} > \V\/{2T\Br\), when t is in E. From Thcorcmll there are N = 
N{n, R, |D|/ {T\Br\)) and = 0{n, R, |D|/ {T\Br\)) such that 

(2.12) We'^fWmn) < (a^^^ lie*^/|UHDo)' 
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when < s < t, t e E and f e L'^{Vt). Let G (0, 1) and < ti < ^2 < T satisfy 
\EC^{tl,t2)\ >vit2~ti). SetT = ti + 2 (t2-ti). Then 

(2.13) \En{T,t2)\ = \En{h,t2)\-\En{h,T)\ > |(t2-ii). 
From (|2.12p with s = <i and the decay property of |le*'^/||£2(si'), we get 

(2.14) ||e*^^/|U.(^,) < (A^e^||e*^/|Ui(25,))' ||e*^^/||^i(%, t eEC^irM)- 

The inequahty p.lOp foUows from the integration with respect to t of (|2.14p over 
E n (t, <2), Holder's inequahty with p^l/B and ([2?T3l) . 
The inequahty ()2.10p and Young's inequahty imply that 

l|e*^^/||L^(o) < 

(2-15) , N 

e\\e'''^f\\mn)+e-^Ne—i X£(s)|je^^/|Ui(B j ds, when e > 0. 

Multiplying first (|2.15p by e^^e"*2-*i and then replacing e by e^, we get that 

<^ I ' XE{sW''f\\L^i-o^)ds, when e > 0. 
Jtl 

— 1 

Choosing e = e *2-*i in the above inequality leads to 

N+i-e . . N+i , . 

<N f\EisW^f\\LH'D.}ds. 
Jtl 

This implies (|2TT|) . for 9 > ^+^7^ . □ 

The reader can find the proof of the following Lemma[2]in either [311 pp. 256-257] 
or [39l Proposition 2.1]. 

Lemma 2. Let E be a subset of positive measure in (0,T). Let I be a density point 
of E. Then, for each z > I, there is li = li{z,E) in {l,T) such that, the sequence 
{Im} defined as 

l^+i ^l + z-'"'{h-l), m = l,2,-- - , 

verifies 

(2.16) \Er\{lm+iJm)\>'^{lm~lm+i) , whenm>l. 



Proof of Theorem [IJ Let E and Dt be the sets associated to D in Lemma [T] and I 
be a density point in E. For z > 1 to be fixed later, denotes the sequence 

associated to I and z in Lemma [2] Because p.l6p holds, we may apply Theorem 
[7j with ?7 = 1/3, <i = Im+i and t2 = Im, for each to > 1, to get that there are 
N = N{n, R, |D|/ {T\Br\)) > and 6* = 9{fl, R, \D\/ (r|J5fl|)), with e (0, 1), such 
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that 



(2.17) 



<N J XEisW^f\\Li{'D,)ds, when g > and m > 1. 



Settmg z = 1/g in (^17)) (which leads to 1 < z < -j^j^) and 

j^{t) = e i)('i"Ot ^ t > 0, 

recaUing that 

Ini - Ini+i = z"™ {z - 1) (^1 - /) , for m > 1, 

we have 

<^/ X£(5)||e*^/|Ui(25,)ds, whenm>l. 
Choose now 



(2.18) 



2 V N + 1- 

The choice of z and Lemma determines in (/,T) and from (|2.18p . 

7(z-")|le'"^/|U.(0) - 7(^— ')l|e'-+^^/||L^(o) 

(2.19) z-'™ 

< N / X£(s)l|e^^/llLi(2D.) ds, when m > 1. 

with 

Jit) = e-^/* and A = A{n, R, E, |D|/ (T|i?«|)) = ^ + . 

Finally, because of 

lle^^/||L^(0) < We'^'^nmn), sup ||e*^/|U.(n) < +oo, lim 7(i) = 0, 

t>o t^o+ 

and (|2.9p , the addition of the telescoping series in p.l9p gives 

l|e^^/IU.(o) < Ne^^ [ |e*^/(x)| dxdt, for / e L'(n), 

JT>n{nx[i,h]) 

which proves (|1.5p with i? = + log A^. 



□ 



Remark 2. The constant B in Theorem]^ depends on E because the choice of li = 
li(z,E) in Lemma\^ depends on the possible complex structure of the measurable 
set E (See the proof of Lemma\M m [Ml Proposition 2.1]j. When D = cj x (0,T), 
one may take I = T/2, li ~ T , z = 2 and then, 

B^A{n,RM/\Bj,\)/T. 
Remark 3. The proof of Theorem\^also implies the following observability estimate: 

sup sup e-''"^^'^Vf\\mn)<N I \e'^ f{x)\ dxdt, 

m>Oi„+i<t<i„ iDn(Ox[i,ii]) 
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for f in L'^{il), and with z, N and A as defined along the proof of TheoremUi 
Here, Iq = T. 

3. Spectral inequalities 

Throughout this section, f2 is a bounded domain in M". 

Definition 1. i7 is a Lipschitz domain (sometimes called strongly Lipschitz or 
Lipschitz graph domains) with constants m and g when for each point p on the 
boundary of there is a rectangular coordinate system x = {x' ,Xn) and a Lipschitz 
function : M.^~^ — y R verifying 

(3.1) 0(O') = O, |(/)(x'i) -0(4)1 < m|a;'i -41, for ah x'i,a;2 e R""\ 

p = (0',0) on this coordinate system and 

Zjn,0(^i^ = {ix',Xn) ■■ \x'\ < (t){x') < x„ <2mg}, 

Z„,^, ndn^ {{x', 0(x')) : \x'\ < g}, 
where Z^.g = B'^ x (—2mg,2mg). 

Definition 2. 17 is a domain when it is a Lipschitz domain and the functions 
ip associated to points p in dft satisfying p.ip and p.2p are in C^(M"~"'^). Under 
such condition, there is 

6 : [0, +oo) — > [0, +oo), with 9 nondecreasing, liiTi^ 9{t) — 0, 

and 

(3.3) I (<? -P) • i^ql < \P- q\9i\p- q\), when p,qe dil. 
Definition 3. $7 is a lower domain when it is a Lipschitz domain and 

(3.4) liminf '''^T ' > 0, for each p e dn. 
qean,q~^p \q ~ p\ 

Remark 4. Polygons in the plane, convex domains in R" (See [361 p. 72, Lemma 
3.4.1] for a proof that convex domains in R" are Lipschitz domains (pace Morrey, 
strongly Lipschitz domains)) or Lipschitz polyhedron in R", n > 3, are lower 
domains. In fact, in all these cases and for p € d^, there is rp > such that 

{q~p)-Vq> 0, for a.e. q £ Br^{p) n dil. 

When Q, is convex, rp = +oo. In general, a Lipschitz domain fl is a lower 
domain when the Lipschitz functions describing its boundary can be discomposed 
as the sum of two Lipschitz functions, = 0i + 02, with 0i convex over M.""^^ and 
02 satisfying 

lim sup |V02(a;i) - V02(x2)| = 0. 
In particular, domains are lower domains (See p.3|) ). 

Definition 4. A Lipschitz domain ft in R" is locally star-shaped when for each 
p G dfl there are Xp in fi and rp > such that 

(3.5) \p — Xp\ < rp and Br^ixp) Dfl is star-shaped with center Xp. 
In particular, 

{q — Xp) ■ i^q > 0, for a.e. q £ Br^ixp) D dfl. 
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Remark 5. The compactness of dVL shows that when $7 is locally star-shaped, there 
are a finite set A(Z^l,0<e, p<l and a family of positive numbers < < 1, 
X £ A, such that 

dVL C yJxeA Br^{x), -6(1+^)^^ (a;) nfl is star-shaped, 
''^'^^ A C andViXQ'^P C U^gyi-B^Jx). 

Here, 

D,^ = {.T e fi : d{x, dil) > rj}, when ij > 0. 

Remark 6. Theorem\B\ below shows that polygons in the plane, domains, convex 
domains and Lipschitz polyhedron in R" , n > 3 are locally star-shaped. Lipschitz 
domains in R" with Lipschitz constant m < ^ are also locally star-shaped. Spite of 
what happens in the plane not all the polyhedron in M.^ are Lipschitz domains (See 
[42[ p. 496] or the two-brick domain of |26[ p. 303] j. 

Theorem 8. Let fl be a lower domain. Then, Vl is locally star-shaped. 

Proof. Let and </> be accordingly the rectangular coordinate system and 

Lipschitz function associated to p e dVL, satisfying p.ip and (|3.2p . Let then, 
Xjy = p + 5 e, e = (0', 1), and rp = 25, where 5 > Q will be chosen later. Clearly Xp 
is in fi, \p — Xp\ < rp and Brj,{xp) C Z^.g, when < 6 < min{|, ^y^}. Moreover, 
for almost every q in Br^{xp) D dfl, it holds that q = {x' , 4>{x')) for some x' in B'p, 

{Wcf,{x'),^l)_ I |< +5^3^ 

and 

(g - Xp) ■ Vq = {q - p) ■ Vq - 5 e ■ Vg 
> {q~p)-Vq + 

V 1 + Tl^ 

From (13.41) there is > such that 



(3.7) (q — p) ■ J^q > J ^ , when q e dil and — p| < Sp. 

3v 1 + 

Thus, p.Sp holds for the choices we made of Xp, rp and Sp, provided that S is chosen 
with 

□ 

The proof of Theorem [3] will follow from the following Lemmas [3] and |4l 

Lemma 3. Let Q be a Lipschitz domain in R", i? > and assume that i3fl(a;o)ni7 
is star-shaped with center at some Xq G il. Then, 

log ^ 

(3.8) ||M||i2(B^^(,„)nn) < l|w|lL2(B.j.o)nn)ll"lli2fB,,3(.o)nf2)' ^ = TZ^ ' 
when Au = m _B/^(xo) D Q, u = on Aj^{xq) and < ri < r2 < ^3 < 7?. 
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Remark 7. See \27\ Lemma 3.1] for a proof of Lemma\3[ and [T] and [2] for re- 
lated results but with spheres replacing balls. The relevance of the assumption that 
Br{xq) n Vt is star-shaped in the proof of |271 Lemma 3.1] is that 

{q — xq) ■ Vq>Q, for a.e. q in Bj^(xq) n dVl 

and certain terms arising in the arguments can be drop because of their nonneg- 
ative sign. In fact, (j3.8p is the logarithmic convexity of the Lp'-norm of u over 
Br{xo) n for < r < R with respect to the variable \ogr. Lemma\^ extends up to 
the boundary the classical interior three-spheres inequality for harmonic functions, 
first stablished for complex analytic functions by Hadamard [21j and extended for 
harmonic functions by several authors |19j : 

log^ 

(3.9) \\u\\l^b^,{xo)) < ll"lll^(B.,(xo))ll"lli2(B^3(.„))' w^if^ ^ = T—%: ' 
when All = in fi, Bfj{xo) C and Q < ri < r2 < r^ < R. 

When Bfi(xo) C fi, Bh^xq) H is star-shaped, and a proof for p.9p is within 
the one for |27[ Lemma 3.1]. 

Lemma 4. Let be a Lipischitz domain with constants m and g, < r < g/lO 
and q be in dVl. Then, there are N ~ N{n,m) and = 9{n,m), < 9 < 1, such 
that the inequality 

\\u\\LHBA,)nn) < ^^^lli;llL^(A«.(,))lklli2(V(,)nn)' 
holds for all harmonic functions u in Bgriq) H fl satisfying u ~ on Bgr{q) H dfl. 

To prove Lemma 0] we use the Carleman inequality in Lemma [S] As far as 
the authors know, the first L^-type Carleman inequality with a radial weight and 
whose proof was worked out in Cartesian coordinates appeared first in |241 Lemma 
1]. Lemma [5] borrows ideas from Lemma 1] but the proof here is somehow 
simpler. In (TJ p. 518] also appears an interpolation inequality similar to the one 
in Lemma S] but with the i^-norms replaced by L^-norms. The inequality in [TJ 
p. 518] holds though its proof in [T] is not correct. It follows from Lemma U and 
properties of harmonic functions. 

Lemma 5. Let be a Lipschitz domain in R" with d Br and r > 0. Assume 
that is not in fi. Then, 

?2 



f \j:\-^^u'dx<^ f \x\-'-+^Auf dx ~ ^ f g.H<zl 
for all u in (7^(17) satisfying u — on dft. 

Proof of Lemma\^ Let u be in C^{^), u = on 3f7 and define / = |a:;|~'^u. Then, 
(3.10) \x\'-^Au ^ \x\ (a/ + ^ /) + ^ (z . V/ + ^-^f) . 

Square both sides of (|3.10|) to get 



2 



(3.11) ^ 4^2|^|-2 . V/ + fY + [Af + ^ /J 

+ 4r(x.V/ + ^/) (a/ + ^/) 
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Observe that 

I \x\-^x-Vf+'-^f)fdx = \ I f^fda^O, 

JO J dU 

and integrate p. lip over fl. Then we get the identity 

(3.12) / {Auf dx = 4r2 f jx^^ ^x-Vf + ^ff dx 
Jn Jn 

+ f |x|2(a/+^/)' d.T + 4T / {x-Vf+^-i^f)Afdx. 

The Rcllich-Necas or Pohozacv identity 

V • [x|V/|2 - 2 (x • V/) V/] +2{x- V/) Af = {n- 2) | V/p 
and the identity 

A(/2) =2/A/ + 2|V/^ 

give the formula 

V • [x\Vff -2{x- V/) V/] + 2 (.T • V/ + ^f) Af = ri^A{f). 
The integration of this identity over Vt imphes the formula 

(3.13) i[{x-Vf+^-^f)Afdx = 2[ q-uf^fda, 

Jn Jan ^ ' 

and plugging p.l3p into p.l2p gives the identity 

(3.14) / {Auf dx = 4r2 l \x\-'' (x • V/ + s^^/)' dx 
Jn Jn 

+ ^|.t|2(a/ + ^/)' dx + 2T ^^^q-v [^Yda. 

Next, the identity 

- / {x-Vf+ '^f)fdx^ [ fdx, 
Jn Jn 

the Cauchy-Schwarz's inequality and d Bfj show that 

(3.15) R-^ [ f-dx< [ \x\-^ {x-Vf+'-^ff dx. 

Jn Jn 

Then, Lemma [S] follows from ([XTi)) and ((XT5|) . □ 



Proof of Lemma^ After rescaling and translation we may assume that g = 0, 
r = 1 and that there is a Lipschitz function (p : — > M verifying 

0(0') =0, \(f>{x[) - (j)(x'2)\ < m\x[ - x'^l, for ah a;'i,x^ G R"-\ 

(3.16) Z,„4o nn^ {(.t', Xn) : |a;'| < 10, (/.(x') < x^ < 20m}, 
Zm,ior\dQ = {{x',cj)ix')) : Ix'l < 10}, 

where Zm,io = -Biq x (—20m, 20m). Recalling that e = (0', 1). Thus, —e<^Q and 

(3.17) Bi C B2(-e) C B5(-e) C Bg. 

Choose ip in C5"(i35(— e)) with ?/' = 1 in B^l—e) and = outside i34(— e). From 
there is /3 e (0, 1), /3 = /3(m), such that 

(3.18) S2;3(-e)nf7 = 0. 
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By translating the inequality in Lemma [5] from to — e wc find that 

li^(-B5(-e)nf2) 



(3.f9) 



+ 



-r 9/ 
du 



when / is in Co (i?5(-e) n H), / = on B^{-e) n and t > 20. Let then u be 
harmonic in n i7 with m = on iJg n dO, and take / = uip in p.l9p . We get 



\x + e| 



(3.20) 



L2(S5(-e)nf2) 



< \\\x- 



■ (itA?A + 2VV' • Vu) 



lL2(B5(-e)nn) 



+ 



, when T > 20. 



L2(B5(-e)nan) 

Next, because ■0=1 on Bj,{—e) and p.f 7p . wc have 
(3.21) 2'^\\u\\L2^B^n^-l) < \\\^ + (^l^'' f\\L^B,{-e)nn) ^ when t > 1. 



Also, it follows from from p.lSp that 



(3.22) 



\q + e\^-^^P 



dv 



</3-1ltlU^(A,), whenr>l 



^ ^ -T|| du I 

L2(B5(-e)naJ2) ^ 

Now, IAt/iI + iV-i/"! is supported in B^[—e) \ Bzi^—e), where |a; + e| > 3 and 
|||x + e|i-- (z.A^ + 2VV-V^.)||^,(^^(_^)^,^) 

(3.23) <^3-||l"l + |V«||L.(^^(_,)\^3(_,)nn) 

< A^3-^||u||L2(S6nn), when r > 1, with N = N{n). 
Putting together ([3:20| . (|33T|) . ([3:22|) and dHSS]), we get 

hllL^(Bino) < [(§)" hllL^(Bem2) + (f ) ^ II f IIl^(a,)] , whcu T > 20. 
The later inequality shows that there is A = A^(n, m) > 1 such that 

(3.24) ||'u|U2(B,nf2) < ^ [e||"llL^(B.nn) + £""^11^ llL^(Ae)] , when < e < . 

Finally, the minimization of p.24p shows that Lemma |4] holds for g = and ?■ = 1 
and completes the proof. □ 



Proof of Theorem Without loss of generality we may assume that xq = and 
B4fi C for some fixed < i? < 1. To prove that (|1.4p holds with = 0, we 
first show that under the hypothesis of Theorem [3l there are p and 9 in (0, 1) and 
A' > 1 such that the inequality 

(3.25) - - '^^"-"^ "-"^-^ 

holds when 



l|u||L2(nx[-l,l]) ^ ^ll'"llL2(f22px[-2,2])ll'"llL2(f2xh4,4]) 



(3.26) 



Au + d^u = 0, in Q x 



u = 0, 



on dCl X 



To prove (|3.25p . we recall that p.6p holds and yi = {xi,X2, ■ ■ ■ ,xi} for some 
in W^P, i = for some I > 1. Because B(^i^^y^ (xi) n 57 is star-shaped 

with center Xi, the same holds for ixi,T) H f2 x K and with center {xi,T), 

i = 1, for all T G K. Then, from Lemma|3l it follows that 

(3.27) \\u\\L2{B^,^^{x,,r}nnxR) < \H\L'^{Bp{xi,T}nnxR}\ML4Ba+.)r-^. i^i,r)nnxR)^ 
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for i ^ 1, . . . ,1 with 

(3.28) = min(log(l + e)/logf^ii^^ ) : t = I, . . . ,1 } . 



Also, from (|3J|) 

(3.29) \\u\\mB,{x.r)) < with e = 1^ 

when X is in the closure of and r e M. Because ((X?f| . ((X^ hold and 

there are zi, . . . , z,„ in the closure of Q,'^^ with 

fF^cu™ii?p(zO, 

it is now clear that there are N = N{1, m, p,A)>l and a new 6 = 6'(Z, m, p, A) in 
(0, 1) such that ((3:251) holds. 

From (|3.9p with ri = |, r2 = r, ra = 2r, we see that 

(3.30) \\u\\mBAxuyi)) < ll"llL2(Bj(xi,yi))ll"lli2(B2.(xi,yi))' ^ = j^' 

when i32r(a;i,yi) C il x [-4,4]. From p.30p and the fact that 

Br{xi,yi) C Br{x2,y2), when (a;2,y2) e ^^(xi,?/!), 

we find that 

(3.31) Ml^BAxuVi)) < \Mh(BAx2,y2))\\^\\L^inx[-4A])^ ^ = 

when B2rixi,yi) C x [—4,4], (0:2,2/2) is in Sr(.Ti,yi) and r > 0. Because p is 
now fixed and fl is compact, there are < r < 1 and k > 2, which depend on p, the 
geometry of and R, such that for all {xo,yo) in il^P x [—2,2] there are k points 
(xi,?/i), (X2,y2), ■ • • , {xk,yk) in fl'^^ x [-2,2] with 

B2r(a;i,yi) C X [-4,4], (x,;+i, y^+i) e Bj(a;i, j/i), for i = 0, . . . , fc - 1, 
(.Tfc, yk) = (0, §) and S,(0, ^) C BJ (0, 0). 
The later and p.3ip show that 

(3.32) ||m||l2(b^(^, < \\u\\i2(^BAx,+uy,+i))\\^\\L^nxl~4,4])^ fori = 0, 

while the compactness of fl and the iteration of p.32p imply that for some new 
N = N{l,m,k,p,A,R) > 1 and < 6* = 9{l,m,k, p,A, R) < 1 

(3.33) ||w|jL2(02Px[-2,2]) < ^I|w|Il2(b+ (o,o))ll"lli2(Ox[-4,4])- 

8 

Putting together p.25p and p.33p . it follows that when u satisfies p.26p . 

(3-34) l|w||L2(oxhl4]) < ^II"IIl2(s+ (0,0))ll"lli42x[-4,4])' 

with N and 6 as before. Finally, proceeding as in [55], for A > we take 
(3.35) ,(,,y)^^„^.±M^e,(x), 



with {uj} a sequence of real numbers. It satisfies p.26p and also u{x, 0) = in fl. 
Then, we may assume that < ^ and Lemma |4] implies 

(3.36) lklU^(B^(o,o)+)<A^llif(-,0)l|l.(5^)l|u|li^f,,^[_,_4j). 
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Combining ^3M^ with (|336l) leads to 

This, along with ()3.35p and standard arguments in [29], shows that satisfies the 
condition ([Li|) . □ 

Remark 8. The reader can now easily derive with arguments based on the Lemmas 
and Theorem the following spectral inequality: 

Theorem 9. Suppose that D, is Lipschitz and verifies (jl.4p . Let qq G dQ, t G M and 
R e (0, 1] . Then, there is N = N{fl, R, r) such that the inequalities 



< e 



E 



hold for all sequences {aj} and {bj} ir, 



In particular, the above inequality holds 



when H. is a bounded Lipschitz and locally star-shaped domain. 

4. Boundary observability 

Throughout this section £7 is a bounded Lipschitz domain in R" and T is a 
positive time. We first study quantitative estimates of real analyticity with respect 
to the space-time variables for caloric functions in fl x (0, T) with zero lateral 
Dirichlet boundary conditions. Let 

(4.1) G{x,y,t)=Y,e-^''e,{x)e,{y) 

be the Green's function for A — 9^ on f2 with zero lateral Dirichlet boundary con- 
dition. By the maximum principle 



and 
(4.2) 



< G{x,y,t) < {Ant) ^e — 
G{x,x,t) = ^e-^'^ej{xf < {Anty 



Definition 5. Let qo E dil and < i? < 1. We say that A4i^(qo) is real-analytic 
with constants g and d if for each q g A4ij(go), there are a new rectangular co- 
ordinate system where q = 0, and a real-analytic function cj) : B'^ C M""^ M 
verifying 

(^(0') = 0, \d"(t)ix')\ < |a|!<5-l"l-\ when x' e B'^, a e 
Bgnn^BgH {{x', Xn) ■■ x' e B'g, xn > Hx')}, 
B.ndn^BgD {(x', Xn) : x' S B'^, x„ = (f>{x')}. 

Here, B'^ denotes the open ball of radius g and with center at 0' in M"^^. 

Lemma 6. Let go G dfl and R G (0, 1]. Assume that A4^]^{qo) is real-analytic with 
constants g and S. Then, there are N = N{g,d), p = p{g,S), with < p < 1, such 
that 



(4.3) 



|9:afe*^/(x)| < 



|a|!/?' 



sA 



(i?p)H((t-s)/4) 



/3 



/llL2(n), 
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when X e i?2fl('?o) O il, < s < t, a G N" and /3 > 0. 

Proof. It suffices to prove (|4.3p for the case when s = 0. Let / = J2j>i ^j^j- 
then 

u{x,t,y) = ^aje-^^*+%/^yej(x), x G H, t > 0, £ M, 

= u{x,t,0) = ^ aje"^^*ej (x) = e*^f{x),x eTl,t>0. 

We have 

|af u = 0, on dn X M, 

(4.4) af7.(x,t,y) = (-l)^^a,Afe-^^*+V^^e,(x). 

Because A4/j(go) is real-analytic, there are N — N{g, S) and p = p{g, S) such that 

||5"5f •)ll-L°°(-B2H(go,0)nf2xR) 

^^'^^ ^T^^lrf-/- |afw(x,i,y)pdxdy) , when a e N", /3 > 0. 



For the later see [Ml Chapter 5] and [22l Chapter 3]. Now, it follows from (|4.4p 
that 

Also, it stands that 

Y^Xfe-'^^'+^V^ye,{x)' = t-^Pey""Y.{\,tf^ e-^^'e,{xfe~i^'^^y 

Next Stirling's formula shows that 

maxx^^e-^^/^ = A^f^p^^e-^^ < (/3!)' , when /3 > 0. 

a;>0 

Finally, the above three inequalities, as well as (|4.2p . imply that 

(4.6) \d^^u{x,t,y)\<{2nty^ ey''^'(j24)^ (t/A)-^ P\, 

i>i 

for t > 0, X e il, y e M and /3 > 0. The later inequality and (j4.5p imply that 
\d'^d^u{x,t)\< -^[}a]] , 

when X £ B2i?(go) n H, t > 0, a € N" and ^ > 0. □ 

The next caloric interpolation inequality plays the same role for the boundary 
case as the inequality (|2.8p for the interior case. 
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Theorem 10. Let fl be a bounded Lipschitz domain in M" with constants (m, g) 
and satisfy the condition jj.^p . Then, given 0<R<l,0<ti<t2<T<l and 
q G dfl, there are N = N{n, R,m, g) > 1 and 6 = 9{7Ji,g), with 9 E (0,1), such 
that 

\\e'^^f\\LHn) < {Ne^llle'^fh.^^,^,)^^^^^^^^^ 

To prove Theorem [TUl we need first some lemmas. We begin with the foUowing 
Carleman inequahty (See [9] and [Tl]). 

Lemma 7. Let be a bounded Lipschitz domain in M" with constants (to, g), ^ 
and a{t) = te^'^", M > 0. Then 

V7M||<7(t)--e-l-l'/8*/i|U2(ox(o.+oo)) 
< ||ti/2^(i)'^e-l-l'/8*(A + 90/l||L^(nx(0,+oo)) 
+ ||k|i/V(t)-^e-l'l^/«*f |U.(aax(o,+oo)), 
when T > 1 and h G (fix [0, +oo)) with h — on dfl x [0, +oo) . 

Proof. First, let / = cr(f)-^e-l"^'l/***/i. Then 

a(t)-^e-l^l'/8*(A + dt)h = cr(i)-^e-l^l'/*^*(A + (9t)('^(*)^el^l'/*^*/) 



Thus 



Af~^f + Tdt{loga)f + dtf+§-Vf + f,f 



||ti/V(t)-^e-l^|-/»*(A + 9t)«ll? 



L2(nx(0,+oo)) 

= ||tV2(A/ - + ra,(loga)/)|ji.(^,(o,+^)) 

+ ||t^/^(aj + § • V/ + i^/)||L(ox(0,+oo)) 

+ / 2t{Af -^f + Tdt{\oga)f){dtf + i • V/ + f /) dxdt. 

JOx(0,+oo) 

Next, integrating by parts we have the foUowing two identities: 

/ 2tdtfAfdxdt 
lA fi^ "'nx(o,+oo) 

(4-8) . . 

= / ~tdt\Vf\^ + 2t\/ ■ {dtfVf)dxdt= \Vf\^dxdt. 

JOx(0,+oo) JOx(0,+oo) 

/ 2t5J / + T9i(loga)/) dxdt 

Ji2x(0,+oo) ^ ^ 

(4.9) = / -^-£dtf^ + Ttdt{loga)dtf^dxdt 

= f ^f^-Tdt{tdt{loga))f^dxdt. 
Jnx(o.+oo) 



'f2x(0,+oo) 

The Rellich-Necas or Pohosaev identity 

V • [(x|V/p) ~2{x- V/) V/] - (n - 2)|V/|2 - 2 (x • V/) A/ 
= {n- 2)|V/|2 - 2 (.T • V/ + f /) A/ + Ti/A/ 
= 1 A(/2)-2|V/|2-2(a;.V/ + §/) A/ 



18 



J. APRAIZ, L. ESCAURIAZA, G. WANG, AND C. ZHANG 



gives the formula 

(x • V/ + f /) A/ - V • [{x ■ V/) V/ - f |V/|2] + f A{f) - |V/p. 
Integrating the above identity in f2, we get that for each t > 0, 

(4.10) / (a;.V/ + f /)A/dx:=i / q-v(ll)\<J- [ \Vf\^dx. 



In JdQ 

On the other hand, 



/ • V/ + f /) (- jfl^ / + Tdt{loga)f) dxdt 

Jnx{o,+oo) ^ ' 

[ I • V if) (-^+ rdt (log a)) dxdt 

f (Tdt{\oga)-^) fdxdt 

/Ox(0,+oo) ^ ^ 

-i^g^2 f dxdt • 



(4.11) 



/Ox(0,+oo) 

Combining (|47l) and the identities (|48l) . (|49l) . (|4?T0| and (|4T1|) . we get 

pV2^(t)-e-l-lV8*(A + a,)/^l!i^(Ox(o,+oo)) 



>-r/ dt{tdt(loga))f'dxdt+ I dcjdt. 

Choose then, cr(t) — te~*^*. A/ > 0, dt{tdt{\og cr)) = —M, and it leads to the desired 
estimate. □ 

In Lemmas [51 [HI [TU] and [TI] we assume that £7 is a Lipschitz domain with con- 
stants (m, g) and S 917. In Lemmas [51 and [TT] we also assume that Q is near the 
origin, the region above the graph, x„ = 4>{^')i with as in (|3.ip and p.2p . so that 
— pe is not in $7, when < p < mg, e = (0', 1). 

Lemma 8. Let a{t) = te^* . Then, for Q < p < ing, 

x/7||a(t)-^e-l-+''«l'/«*/.|U2(,,,(o,+^)) 
< i|ii/V(i)--e-l-+''^l'/8* (A + dt) /i||L2(nx(o,+oo)) 
+ ||k + per/V(t)--e-|'+''^l'/«*f |U2(a^,x(o,+oo)), 

w/ien r > 1 anc? /i G Cg^ {fix [0, +oo)) wit/i h — on dfl x [0, +00) . 

Proof. It follows from Lemma [7l by translation. □ 

Lemma 9. There is N — N{n) such that 



2 



w/ien 7i satisfies dtu + Au = m B^fj/^ Ciflx [0,r], u = on x [0,r], for 

some R, T > 0. 
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Proof. Let if; e C;f (K") and a e C°°(R) be such that 2p ^ I in Br, ijj ^ 
outside S7i?/6,0 < -0 < 1, {Aipl < NR-'^; a = 1 in (-oo,r/2], a = in [^,+oo), 
< a < 1 and 1 9(0; I < N/T. Then 

2\\/ufdxdt< / ^{x)a{t) {A + dt) (u^) dxdt 

BfinSlx(0,T/2)) JOx(0,+oo) 

{A- dt)iip{x)a{t))u'^{x,t)dxdt- / V(a;)u^(a;, 0) da; 

Ox(0,+oo) Jo 



Je 



dxdt. 

B4R/3nnx(o,T) 



□ 



Lemma 10. Let < p < 1 and T > 0. Then, there is N = N{n) such that 

(4.12) lkWIU^(i33pno) > U^mimB.nn), 

when 



(4.13) < t < min <^ I 



2 

ArioK+ 



^ll"lli.2(B4nnx[o.Tl) 

PII -"(0)11 1,2 (B„nS-2) 



and It verifies dtu + Au = m ,64 n x [0, T] , u = on A4 x [0, T]. 
Here, log^ x = max{logx,0} and ^ = +00. 

Proo/. Let V e C^{B^p) verify V = 1 in B2p, < V < 1 and p| V-^l +/0^|-D^V'| < ^• 
Set f{x,t) — u(x,t)ijj{x). Then 

\Af + dtf\<N{p'^\u\+p-'\\/u\)x,^^,,.^^, in nx[0,T]. 

Define 

Hit)= / fix,t)Gix - y,t)dx, when t > 0, yeBpHfl, 

with G{x^t) — [Airi)" ~ e~ . We have 

^ if(t) = 2 / (/(A/ + aj) + |V/H G{x - t) dx 



>-N {p'^\uf + \Vu\^)G{x-y,t)dx 

J {B3p\B2p)nn 

> _7Vt-"/2g-pV4t f ^-2|^|2 _^ |^^|2 

>-Np-''e-p'/^' [ p-^\u\^ + \Vu\^dx, 
JBspnn 

for < t < T. Integrating the above inequality in (0,t), 



f{x,t)G{x-y,t)dx-u^{y,0)>-Np~"e'P/^^ / p"^ + |Vu|^ drdx 
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This, along with Lemma [9] with R = 3p, ~ t, shows that 
u^{x, t)G{x - y, t) dx - u^{y, 0) 

>-Np-''-^{l + p'/t)e-p'l^' / u\x,T)dxdT 

J Bipnn Jo 



>^Np-''~'e'P^"'' / u^{x,T)dxdT, 

when y e Bp n ri; < 2t < T. Integrating the above inequahty for i/ e Bp n and 
recaUing that 



we get 



G{x - y, t) dy = 1, for aU a; £ K", t > 0, 



u\x,t)dx> / H^(2/,0)d2/-iVp-^e-'' nOx[o.2t]), 

when < 2< < T. The last inequality shows that (|4.12|) holds when t verifies (|4.13p 
with iV = N{n). □ 

Lemma 11. There are p e (0, 1), iV = iV(m, q)>1 and 6 = 6{m, g) with 9 e (0, 1), 
such that 

(4.14) \\u{0)h.^s,nn) < (^e^/''llf^liL^(A«x[o.T]))' ll«llilfs.nnx[o.T])> 

when u verifies dfU + Au — in Bg (1 fl x [0,T], u — on Ag x [0, T] 

The readers can find a similar interpolation inequality to (|4.14p in [BJ Theorem 
4.6] though not with optimal T dependency, so that its application to observability 
boundary inequalities does not imply optimal cost constants. 

Proof. Let i' e Cg°(M") and a € C°°{R) be such that ■(/; = 1 in B4, V = outside 
-B5, < V < 1, IV^Z-I + \D^ip\ < 1; a = 1 in (-00, 1], a = in [2, +00), < a{t) < 1 
and |9tQ;(i)| < 1. Let r is a positive number verifying ^ < min{T, 1}. Take 
h{x,t) = u{x,t)ip{x + pe)a{Tt) in Lemma [8l Here, p £ (0,1) will be fixed later. 
Then, 

I A/i + dth\ < [(1 + r)\u\ + \Vu\] xe{x, t), 

with 

E = B^i-pe) n O X [0, |] \ B^{~pe) n x [0, i]. 
Since | < (T(i) < t in (0, 1), where a is as in Lemma [51 we have 

tl/2^(t)-^e-|-+'"=l'/S* < e-tl/2-rg-|.+pe|V8t < er^r-1/2^ ^^^^ ^) g ^_ 

The later inequality shows that 

Wt'^Mtr^^h + a*/i)e-l-^+'"=-l^/«*|U.(ox(o.+oo)) 

From Lemma [5] with i? = 6 and T = ^, we get 

(4.16) 11(1 + t)|u| + |VM|||^2(Bgnf2x[o,f]) ^ NT\\u\\L2^Bsnnx[o,T])- 
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From (j4T5l) and (|4?T6| . it follows that 

<eV^+3iV||u|U.(B3nOx[o,T]), ^ = A^W- 

Next, because dO, is Lipschitz, there is a positive number /? = P{m, g) such that 
Vlr^B■2pp{-pe) = 0. Then 

|q + pe|i/V(t)-^e-l?+HV8t < v^e^^-^e"^ 
<V8f^) ^T^, on B5(-pe)n517 X (0, 1). 



2 \ 1 1 Sm I 



Thus 

(4.18) j|k + per/V(i)-^e-l«+HV8t|^||^,^^^^(^^^^^^ 

< \/8 

From (|4.17p and (|4.18p and Lemma [SI it follows that 

(4.19) r \r -, 

< N [eV-+^/2||^i|U.(B3nnx(o,T)) + (^) Tni|i|U.(A,,(o,T))J , 

for ^ < min{l, T} and with N = N{m, g, n). Because 

B^pOnx [f^, C B4pi-pe) nnx[^,i^]c B^pi-pe) n 17 x [0, i], 
wc have 

Hence, the left hand side of (|4.19p verifies 
(4.20) 

Also, from Lemma [TUl 

"^IL,.3.n.x[^,^,)^^^"^'^""('^)"-(-^-)' 

when 

- < mill < T, 



^ ( p||„(o)|| 



This, along with and shows that 

r>-2-e-4>||^^(0)|U.(B,^^) 



when 



3^^'"^^^^ll"IU2(Ssnnx[0,Tl) + (;s^) ^''llf^lU2(Asx(0,T)) 



(4.21) i < min ■ 



1 T 



Thus, there is TV = N{m, g, n) such that 

(4.22) p\\u{Q)\\mB,nn) < (eV)' fll"IU^(BsnOx[o,T]) + A^ll f^lU^(A«x[o,T]), 
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when r satisfies ()4.2ip . Fix now p so that e^p^ = e ^ and choose 
(4.23) T = A + ^ + N\og' 

Clearly, r verifies (|4.2ip . Moreover, 



-^ll"IL2(agni"ix[o.rl) 
p||'"{0)||f,2(SpnQ) 



\e P ) -||"llL2(B8nnx[o,T]) = e 
< ^ \\u{Q)\\L^(B,nn)- 



' p|k(0)|U^(B.no) ' WI"W!U^(B.nn)) 



This, together with (|4.22p shows that 

Pll"(0)||L2(s,nO) < 2iVnif^||L^(A.x[o,T]). 
From it follows that 

/ II II \ AflogJV 

ATT _ „rlogW _ (4+4,)logAf I ^ll"lli.2(B8nnxlQ,T]) 

Pll"(0)IL2(B^nn) 

and then we get that 

[p||w(0)||L2(B^ni2)]^^^'°'^^ 

<e(^+-)'-^(iV!|.|U2(^,nnxM))"^'°^"^lii;l|L^(Aex[o.T]) 

< (^A^er ||M||^2(Bgni2x[0,T])j li g^llL2(A8x[0,T])- 

In particular, 

h(0)!|L2(Bpno) 



<(^e^^''|||i|U2(A,x[o.T])Vllu"^- 



1 



L2(B8nf2x[0,T])' l + ATlogiV' 



□ 



By translation and rescaling. Lemma [TT] is equivalent to the following: 



Lemma 12. Let VL he a Lipschitz domain with constants (m, g), < R < 1, q dil, 
and T > 0. Then, there are p € (0,1], N = N{m, g,n) > 1 and 8 = 9{m, g, n), with 
G (0, 1), such that 

\\u{Q)\\L^{B,R{q)nQ.) 

when u verifies dtu + Am = m BgRiq) Clflx [0, T] awe? li = on Asi?^'?) ^ [0' 

Proof of Theorem\l(A It suffices to prove Theorem [TOl when t2 = T, ti = Q and 
(7 = 0. From Theorem [S] or there are = N{n,R) and < 6*1 < 1, 

6*1 = 6*1 (17, i?) such that 

(4.24) |le^^/|U2(^) < I^Ne^nie'^^fWmB^io'.^))^ WlWlnny f ^ L^n). 
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with p e (0, 1) as in Lemma [T2] On the other hand, it fohows from Lemma [T2] that 



L2(B8B,nnx[o,T])- 



In particular, 

VllL^(B,„no) < (^e^/^|||;e*^/|U.(A,„x[o.T]))"' ll/lli 



L2(0)- 



This, together with (|4.24p and Bph (0', ^) C BpnOn, leads to the desired estimate. 

□ 

Remark 9. /t follows from Theorem \1(A that there are constants N = N{Q, R,n) 
and 6 = 6{Q,, n), 6 e (0, 1), such that 



1-0 



(4.25) ||e^^/|U.(o) < (A^e~/[(---)^I|||;e*^/|U=(A«(,)x[e,T,e.T]))'||/|| 
when f e L^(r2) and < ei < £2 < 1- 

Lemma [T3] below is a rcscalcd and translated version of [31 Lemma 2] . 

Lemma 13. Let f he analytic in [a, a + i] wii/i a € R and L > 0, F be a measurable 
set in [a, a + L\. Assume that there are positive constants M and p such that 

(4.26) l/'''^(.^)l <Mk\{2pL)-^, fork>0, xe [a,a + L]. 

Then, there are N = N(p, \F\/L) and 7 = 7(p, \F\/L) with 7 G (0, 1), such that 



\f\\L^(a,a+L) < N (^£\f\dTy M'--'. 



Lemma 14. Let qo e dfl and 3 C Afi(qo) x (0,r) be a subset with \3\ > 0. Set 

dt^ixedQ: {x,t) e3}, E = {t e (0,T) : \3t\ > \3\/i2T)}, t e (0,T). 

Then, 3t C Afl((j'o) is measurable for a.e. t G (0,r), E is measurable in (0,T), 
\E\>\3\/{2\AR{qo)\) and XEit)x3Ax) < X3ix,t) over dft x {0,T). 

Proof. From Fubini's theorem, 

\3\= I \3t\dt^ f \3t\dt+ f \3t\dt<\ARixo)\\E\ + \8\/2. 

Jo Je J[0,T]\E 

□ 

Theorem 11. Suppose that Q verifies the condition (|1.4p . Assume that qo £ dQ 
and R € (0, 1] such that A4fl((7o) is real-analytic. Let 3 be a subset in Afi,{qo) x 
(0,r) of positive surface measure on dQ x (0,T), E and 3t be the measurable 
sets associated to 3 in Lemma \14\ Then, for each rj G (0, 1), there are N = 
N{n,R,\8\/{T\AR{qo)\),v) ande = 0(f], i?, |a|/(T|AflX'?o)l), ?/) with 6 e (0,1), 
such that the inequality 



(4.27) |le'=^/|U.(o)< (A^e~/(*^-*^'^''xs(0ll|;e*^/llLM3O^*) 
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holds, when < ti < t2 < T with t2 — ti < 1, \E n (ti,t2)| > ^7(^2 — ^i) and 
f e L^{n). Moreover, 

e-Ti-^||e*^^/|U2(s,)-e ^^^^ ||e*^^/|U2(jj) 

(4.28) /•t2 

<^/ XEmi:e'^fhi^3.)dt, when q>^^. 

Proof. Because Aiji{xQ) is real-analytic, according to Lemma [6l there are = 
N{q, 5) and p = p{g, 5), < p < 1, such that 

(4.29) \d^d,e m\< ^^^)H((,-.)/4)^ ^">-^(")' 

when a; G AsaXxo), < s < ^, a G N" and ^ > 0. 

Let < <i < ^2 < r with ^2 - ii < 1, 3 be a subset in A_R(a;o) x (0,r) with 
positive surface measure in Oft x (0,T). Let dt and E be the measurable sets 
associated to 3 in Lemma [Ml Assume that 77 € (0, 1) satisfies 



l^^n (ti,t2)| > v{t2-ti). 



Define 



T = tl + ^(t2 - tl), h =tl + |(t2 - tl), 
t2 = t2 " ^(t2 - tl), T = t2 - ^(t2 - tl). 

Then, we have 

tl < r < tl < t2 < f < t2 and \E D {iiJi)] > ^(t2 - ti). 

Taking T = t2 — ti (This T is different from the time T in Theorem [11] and only 
used here), £1 = ^2 = 1 — ^ and replacing / by e*^'^/ in (|4.25p . we get 

(4.30) |le*^^/|U.(o) < A^e^/<*^^*^^li|;e*^/lil^(A«(.o)x(.,.))l|e*^^/llii(%> 

with N = N{n, R, 7j) and 6* = 9{n) g (0, 1). From (j4:29| with /3 = 0, |a| = 1 and 
s = tl, there is = N{Q, R, rf) such that 

(4.31) |||;e*^/IU==(A..(.o)x(..f)) <iVe^/^*^-*^)|le*^^/|U2(a) ■ 
Next, (|4.30p . the interpolation inequality 

ll^e*^/llL2(A„(xo)x(T,f)) 

< II AptA .||l/2 ||Ap*A.||l/2 

and (|43T1) yield 

(4.32) < Ne-'^^^--^^^W^^f\\\-^^^^^^^^ 
with N = N{n, R, 77) and 6 = e{n) e (0, 1). Next, setting 

v{x,t) = £e'^f{x), for x G A2fl(xo), t > 0, 

we have 



(4.33) |lf|lLi(Afl(xo)x(r.f)) < (t'-t) / ||w(x, •)||ioo(^_^)dcr. 

"'Ah(xo) 
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Write [T,f] = [a,a + L], with a = r and i = f- T = (l- jQ){t2 - ^i)- Also, 

with \a\ = 1 and s ti shows that there is = N{il, R, rf) such that for each fixed 

X e A2i?(xo), t e [r,f] and /? > 0, 



MI3\ 

with 



M = iVe^/fe-*i)||e*i^/|U.(0) andp 



16 (10 - 1]) 

From (|4.34p . Lemma [T3] with F = E O {ii, ^2) and observing that 

1577 ^^^5(4-7?) 



2(10-7?) - L - 2(10-7/)^ 



wc find that for each x in A2r{xo) 
(4.35) 



\Hx,-)h^^r,f)<(i \v{x,t)\dt] (iVe^/(*^-*^)||e*^^/|U.(o) 

\j£;n(ti,t2) / ^ 



1-7 



with iV = Ar(f], i?, 77) and 7 = 7(77) in (0, 1). Thus, it follows from ({4331) and (|435l) 
that 

ll^'llLi(AH(:;;o)x(nf)) 

(4.36) "'Ah(2;o) yJEDiiiM J ^ ' 

<(f I Hx,t)\dad^ A^e^/(*-*^)|!e*^^/|l^I'' 

with and 7 as above. In the second inequality in (|4.36p we used Holder's in- 
equality. 

Next, from (|4.29p with /3 = and s = ii, we have that for i G (ii, ^2), 
t~ti >h-ti = f (i2-<l) 

and 

||a>(,i)|U^(A,,.(.„)) < ' '• l|e*^^/|U.(o), 

when a e N" and with N = N{n,R,r]). Also, |at| > \3\/ {2T), when t e By 
the obvious generalization of Theorem |4] to real-analytic hypersurfaces, there are 
N = N{n,R,ri,\3\/{T\ARixo)\)) and d = 7? (f], (r|Afl(xo)|)) G (0,1) such 
that 

(4.37) / \v{x,t)\d<7<( f \v{x,t)\da) (iVe^/(*^-*^)||e*^^/||L.(o)) 

JAr(xo) \Jdt J ^ ^ 
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when t e E n (ti,t2)- Both (|4.36p and (|4.37p . together with Holder's mequahty, 
imply that 

(\ ^1 
7Ve^/(*-*^)/ / \v{x,t)\dadt] ||e*^^/||ilfj 

JEnihM) J3t ) 

This, along with (j4.32p and the definition of v leads to the first estimate in this 
theorem. 

The second estimate in the theorem can be proved with the method we used in 
the proof of the second part of Theorem [7l □ 

Proof of Theorem [H Let E and 3t be the sets associated to 3 in LemmafHland I be a 
density point in E. For z > 1 to be fixed later, denotes the sequence associated 
to I and z in Lemma [21 Because of (|2.16|) and from Theorem [Til with ij = 1/3, 
h = Im+i and t2 = Im, with m > 1, there are N = N{n,R, \3\/ {T\AR{qo)\)) > 
and = 0{n, R, \3\l (^|Ai^(go)|)), with e (0, 1), such that 

Xij(.s)ll|;e^^/|Ui(g,)ds, when q > ^^^±1-^ and m > 1. 



Let 



2 V + 1 - 

Then, we can use the same arguments as those in the proof of Theorem [1] to verify 
Theorem [1 □ 

Remark 10. The proof of Theorem\^ also implies the following observability esti- 
mate: 

sup sup e-^"^'^|le*^/|U.(n) < iV / e'^f{x)\ dadt, 

m>OU+i<t<im J3n{dnx[l,li]) 

for f in L'^ifl), with A = 2{N + 1 - 0)^/[0{li ~ I)] and with z, N and as given 
along the proof of Theorem\^ Here, Iq — T. 

Remark 11. (i) In Theorem\^ one may relax more the hypothesis on and to allow 
A4ij(go) to be piece piecewise analytic or simply to require that 

\{q G A4^((7o) '■ ^iril) 'is not real-analytic for some r < R}\ = 0. 

(m) In particular, Theorem\^ holds when Q, is a Lipschitz polyhedron in M" and 3 
is a measurable subset with positive surface measure on dfl x (0,T). For if Q is a 
Lipschitz polyhedron, Theorem\^ shows that verifies the condition p.4p . Also, 3 
must have a boundary density point {q,T), q € dVl, r G (0,T), with q in the interior 
of one the open fiat faces of dVl. Thus, we can find R > such that 

|Afl((7) x{T-R,T + R)n3\ 



\AR{q)x{T-R,T + R)\ -2 

with Aifilq) contained in a flat faces of dQ. Then, replace the original set 3 by 
Aji{q) X {t — R, T + R) D 3 C Afl(g) x (0, T), set qo = q and apply Theorem 2 as 
stated. (Hi) Theorem\^ improves the work in |35j . 
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Remark 12. When 3 = F x (0, T), F C Ai?((jo) is a measurable set, one may take 
I ~ T/2, h ~ T , z = 2 and the constant B in Theorem\^ becomes 

5 = A(r!,i?,|F|/|Afl(9o)|)/T. 

Remark 13. Theorem llOi also implies the following: if VL is only a bounded Lipschitz 
domain and verifies the condition (|1.4p . the heat equation is null controllable with 
L°°{T X (0,T)) controls, when F is an open subset of dQ. This seems to be a new 
result and we give its proof in the Appendix in section [51 

5. Applications 

Throughout this section, we assume that T > 0, $7 is a bounded Lipschitz domain 
verifying the condition (|1.4p and we show several apphcations of Theorem [T] and 
Theorem [2] to some control problems for the heat equation. 

First of all, we will show that Theorems [T] and [2] imply the null controllability 
with controls restricted over measurable subsets in il x (0,r) and dfl x (0,r) 
respectively. Let D be a measurable subset with positive measure in Bfj(xo) x (0, T) 
with i?4_R(.To) C r2. Let 3 be a measurable subset with positive surface measure in 
A_r((Zo) X (0, T), where go G 9f2, R € (0, 1] and A4fl((7o) is real-analytic. Consider 
the following controlled heat equations: 

(dtU- Au^X'DV, mnx{0,T], 

(5.1) <u = 0, on (9f7 X [0,T], 
[m(0) = uq, in n, 

and 

'dtu-Au:^0, inf)x(0,T], 

(5.2) lu = gx3, ondnx[0,T], 

u{0) = uq, in ri, 

where uq € L'^{n), v G L^{n x (0,r)) and g e L^{dn x (0,r)) are controls. We 
say that u is the solution to Equation (|5.2[) if v = u — c^^uq is the unique solution 
defined in [Ml Theorem 3.2] (See also ^ Theorems 8.1 and 8.3]) to 

'dtv-Av = 0, mnx{0,T), 
v=gx3. ondnx{0,T), 

v{o) = 0, n, 

with g in U'[dU, x (0, T)) for some 2 < p < oo. From now on, we always denote by 
u(-;uo,v) and u(-]Uo,g) the solutions of Equations (jS.ip and (j5.2p corresponding 
to V and g respectively. 

Corollary 1. For each ug G L^(ri), there are bounded control functions v and g 
with 

lkllL==(Ox(0,T)) < C'lll^olU^fn), ||.9llL~(af2x(0,T)) < (^2 || ""O || L2(0) , 

such that u{T; uq, v) = and u{T; uq, g) =■ 0. Here Ci = C(J1, T, R, D) and C2 = 
C{VL,T,R,d). 

Proof. We only prove the boundary controllability. Let E be the measurable set 
associated to 3 in Lemma [TH Write 

a = {(x,t) : {x,T -t) ed] and E ^ {t -.T -t e E} . 
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Let Z > be a density point of E (Hence, T — ^ is a density point of E). We 
choose z, li and the sequence {Im} as in the proof of Theorem [2] but with 3 and E 
accordingly replaced by 3 and E. It is clear that 

<;<••• < Im+i < Im ■ ■ ■ < h < k = T, lim Im = I. 

We set 

M^3r]{dnx [T-h,T-l])c3. 
It is clear that |M| > 0. The proof of Theorem [2l the change of variables t — T ~ t 
and Remark 1101 show that the observability inequality 

(5.3) ||^(0)||l^(o) <e^ / \^{p,t)\dadt, 

Jm 

holds, when ip is the unique solution in L°° {[0,T], L^{n)) n L^{[0,T],H^{n)) to 

{dt(p + Aip = 0, inl7x[0,T), 
ip^Q, ondnx[0,T), 
ip{T) = ipT, in dfl, 

for some (pr in -L^(r2). Set 

X = {|^|m : = e^'^-''>'^ipT, for < t < r, for some ipr e L'^i^)}. 

Since M C dn x [T - li,T - I], X is a subspace of ^^(M) (See and dSS])) and 
from (|5.3|) . the linear mapping A : X — !• M, defined by 

A(|^|m) = (^^o,^(0)), 

verifies 

A(|^|m) <e^\\uo\\LHn) f \^ip.t)\dadt, when |^|m € X. 

JM 

From the Hahn-Banach theorem, there is a linear extension T : L^(M) — > K of A, 
with 

Im) - (^^0,^(0)), when |^|m G X, 
\T{f)\ < e^||^.o||||/||Li(M), for ah / e L\M). 
Thus, T is in ^^(M)* = i°°(M) and there is g in L°°(M) verifying 

T{f) - / fgdadt, for ah / e L\M) and Ml^i^m) < e^'holl- 
Jm 

We extend g over dfl x (0,r) by setting it to be zero outside M and denote the 
extended function by g again. Then it holds that u(T; uo,g) =0 provided that we 
know that 

(5.5) / u{T;uo,g)ipTdx 
Jn 

To prove (|5.5p . we first use the unique solvability for the problem 

'dtu-Au^O, inr2x(0,r], 
u = 7, ondnx[0,T], 
u(0) = inO, 

with lateral Dirichlet data 7 in LP{dn x (0,T)), 2 < p < 00, stablished in [Ml 
Theorem 3.2] (See also [H Theorems 8.1 and 8.3]). Then, because gXM is bounded 



/ wov(O) dx~ g If dadt, for all (pr £ L^{Vl). 
Jn Jm " 
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and supported in dfl x [T — li,T — I] C dfl x {2irj,T — 2ri) for some rj > 0, the 
calculations leading to (|5.5p can be justified via the regularization of gxM and the 
approximation of by smooth domains > 1} as in [U Lemma 2.2]. For 

the sake of the completeness we provide the detailed proof of this identity in an 
Appendix in section |6l □ 

Now we apply Theorems [T] and [2] to get the bang-bang property for the minimal 
time control problems usually called the first type of time optimal control problems. 
They are stated as follows: Let w be a measurable subset with positive measure 
in Bj^{xq), B4j^{xq) C O. Suppose that A^filqQ) is real-analytic for some go S 9^1 
and R e (0, 1] and let F be a measurable subset with positive surface measure of 
Ar{xo). For each M > 0, define the following control constraint set: 

U\j = {v measurable on O x M+ : \v{x,t)\ < M for a.e. {x,t) e O x K+}. 
UIj = {g measurable on Sfi x M+ : \g{x,t)\ < M for a.e. {x,t) e dft x R+}. 
Let uq G \ {0}. Consider the minimal time control problems: 

iTP)lj : Tl = min (t > : e*^Wo + / e(*-^)^(x.?;) ds = ol 

and 

{TP)\.j : TIi EE min {t > : u{x, t; g) ^ for a.e. x G il} , 

where u(-,- ;g) is the solution to 

{dtU-Au = 0, infixR+, 

u = gxr, on dn x M+, 

u(0) = uo, in il. 

Any solution of {TP)\j, i = 1,2, is called a minimal time control to this problem. 
According to Theorem [1] and Theorem 3.3 in [40], problem {TP)\j has solutions. 
By Theorem [2J using the same arguments as those in the proof of Theorem 3.3 in 
|40| . we can verify that there is g G U^j such that for some t > 0, u{x, t;g)~0 for 
a.e. X € 51. 

Lemma 15. Problem (TP)\j has solutions. 

Proof. Let {t„}„>i, with i„ \ T|^, and g„ G be such that u(a;, t„; gn) = over 
n. Hence, on a subsequence, 

(5.7) gn — > g* weakly star in L°°(917 x (0,ti)). 
It suffices to show that 

(5.8) M„(x,i„) = u[x,tn]gn) — > u*{x,TIj) = u{x , T^j ; g*) , for all x e Q.. 

For this purpose, let G{x, y, t) be the Green's function for A — 9i in f2 x M with 
zero lateral Dirichlet boundary condition. [Ml Theorems 1.3 and 1.4] and [Ml p. 
643] show that for g € Ufj and {x,t) G x (0,r), 



(5.9) u{x,t;g) ^ e^^uo- / §^{x, q,t ~ s) xriq, s)g{q, s) da^ds 

Jo Jan " 

and 

(5.10) / / \-§^{x,q,T)\'^daqdT <+oo, when x&n, T>0. 
Jo JdQ " 
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Also, by standard interior parabolic regularity there is = N[n^ e) with 

(5.11) \u{x,t;g) - u{x,s;g)\ < N\t ~ s\ (||,9||L~(anx(o,T)) + ||wo||l2(S2)) 

when d{x, dQ) > ^/e and t > s > e. Now, when x £ Q with d{x, dQ) > -^/e, it holds 
that 

\Un{x,tn) - U*{x,T^j)\ < \Un{x,tn) - Un{x,Tlj)\ + \u„{x,TIj) - U*{x,T^j)\. 

This, along with ([5J| . ([Ol . (fSTTOl) and ([5lT|) indicates that (|5^ holds for all 
X € Q with d{x, dQ) > \fe. Since e > is arbitrary, (|5.8p follows at once. □ 

Now, one can use the same methods as those in [44l, as well as in Lemma flSl to 
get the following consequences of Theorems [1] and [3] respectively: 

Corollary 2. Problem {TP)\j has the bang-bang property: any minimal time con- 
trol V satisfies that \v{x,t)\ = M for a.e. {x,t) G w x (0, T|j). Consequently, this 
problem has a unique minimal time control. 

Corollary 3. The problem {TP)fj has the bang-bang property: any minimal time 
boundary control g satisfies that \g{x,t)\ = M for a.e. {x,t) G F x (0,r|j). Conse- 
quently, this problem has a unique minimal time control. 

Next, we make use of Theorems [1] and [2] to study the bang-bang property for the 
time optimal control problems where the interest is on retarding the initial time of 
the action of a control with bounded L°°-norm. These problems are usually called 
the second type of time optimal control problems and are stated as follows: Let 
T > and M > 0. Write uj and F for the sets given in Problems {TP)\j and 
{TP)\i respectively. Consider the controlled heat equations: 

{dtu - Au = XujXiT,T)V, in O X (0, T] , 

u = 0, ondnx[0,T], 

u{0) = uq, in O 

and 

{dtu-Au^O, inl7x(0,r], 

" = XrX(r,T).9, onar!x[o,r], 

u(0) = Uq, in n, 

where uq £ L^(r2). Write accordingly u(- ; X{t,t)^) ^nd u{- ; X(t,t)9) for the solutions 
to equation (|5.12|) corresponding to X{t,t)^i Sind to equation (|5.13p corresponding 
to X(t,t)9- Define the following control constraint sets: 

1X1^ J, = {v measurable on 17 x (0,T) : \v{x,t)\ < M for a.e. {x,t) eQx (0,T)}. 

UliT = {g measurable on dn x (0,T) : \g{x,t)\ < M for a.e. {x,t) & dn x (0,T)}. 
Consider the time optimal control problems: 

iTP)li,T ■■ rh^T = sup {r G [0,T) : ^.(T; X(.,t)«) = 0} 

and 

{TP)li^T- rij^T= sup {tg[0,T): u{T;xir.T)9) ^ O} ■ 

Any solution of {TPYrp j^j, i = 1,2, is called an optimal control to the corresponding 
problem. 
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Now, we can use the same arguments as those in the proof of Theorem 3.4 in 
[39] to get the fohowing consequences of Theorem [T] and Theorem [2] respectively: 

Corollary 4. Any optimal control v* to Problem (TP)\jj,, if it exists, satisfies 
the bang-bang property: \v*{x,t)\ ~ M for a.e. {x,t) G w x (r|^y,T). 

Corollary 5. Any optimal control g* to Problem {TP)\jrj^, if it exists, satisfies 
the bang-bang property: \g*[x,t)\ = M for a.e. (x^t) e F x (r'^jrpjT). 

Remark 14. By Theorem{l\ (See also Remark\^ and the energy decay property for 
the heat equation, one can easily prove the following: for a fixed M > 0, there is 
V € "^^4 T such that u(T]X(o,T)'^) = 0? when T is large enough (such a control v is 
called an admissible control); while for a fixed T > 0, the same holds when M is 
large enough. The same can be said about Problem (TP)^^ because of Theorem\^ 
(See also Remark \lS\) . In the case where Problem (TP)\jrp has admissible controls, 
one can easily prove the existence of time optimal controls to this problem. In 
the case when Problem (TP)\jrp has admissible controls, one can make use of the 
similar method in the proof of Lemma \15\ to verify the existence of time optimal 
controls for this problem. 

Finally, we utilize Theorem [T] and Theorem [2] to study the bang-bang property 
for the minimal norm control problems, which are stated as follows: Let D and 3 
be the subsets given at the beginning of this section. Let uq € L^(ri). Define two 
control constraint sets as follows: 

= {v e L^{n X (0,T)) : u{T-UQ,v) = 0} 

and 

V3 = {.9 e L°-{dn X (0, T)) : u(T; u^, g) = 0} . 
Consider the minimal norm control problems: 

(A^P)d : Afi5 = min{||v||ioo(nx(o,T)) : v&V-o] 

and 

(iVP)g : il/g = nun{l|.g||ioo(gox(o,T)) : 9 e Vg} . 
Any solution of {NP)x> (or {NP)g) is called a minimal norm control to this problem. 
According to Corollary [l] the sets Vd and Vg are not empty. Since Vu is not 
empty, it follows from the standard arguments that Problem {N P)'j) has solutions. 
Because Vg is not empty, by using the similar arguments as those in the proof of 
Lemma [T51 wc can justify that Problem {NP)g has solutions. Now, one can use 
the same methods as those in [3^ to get the following consequences of Theorem [1] 
and Theorem [2] respectively: 

Corollary 6. Problem (AfP)D has the bang-bang property: any minimal norm 
control V satisfies that \v{x,t)\ = M-o for a.e. {x,t) G D. Consequently, this 
problem has a unique minimal norm control. 

Corollary 7. The problem {NP)g has the bang-bang property: any minimal norm 
boundary- control g satisfies that \g{x,t)\ = Mg for a.e. {x,t) e 3- Consequently, 
this problem has a unique minimal norm control. 

Acknowledgement: The authors would like to thank G. Verchota for showing them 
that not all the polyhedron in M.^ are Lipschitz domains. 
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6. Appendix 

Proof of 15. 5|) . For each {p, r) G dil x M and fixed ^ > 0, wc define 

r{p) ^{xen:\x-p\ <{! + £,) d{x, dn)}, 

Tip, T)^{{x,t)enx (0, T):\x-p\ + < (1 + d{x, dn)}. 

Tlie later are called respectively elliptic and parabolic non-tangential approach 
regions from the interior of fi x (0,T) to (j>,t). In particular, 

r{p) X {r} C r(p,T), for all (p, r) e dfl x {0,T). 

When u-.n — > R or u : n x {0,T) — ^ R (or M"), define the elliptic and parabohc 
non-tangential maximal function of u in dfl x (0,T) as 

u*{p) = sup u^{p,t) = sup when p e 9ri and t G (0, T). 

Let 7y > be fixed such that [T — Zi, T — /] C [2i],T — 2ri], with Z and li as defined 
in Corollary [T] Denote by u the solution to 

'dtu- Au = 0, in fl x (0,r), 
< It = gxM = J, on dn x (0, T), 
u(0) = Mo, in n. 

(See the beginning of Section 5 for the definition of the solution to this equation.) 
Let in CQ{dn x (0, T)) be a regularization of 7 in dn x [0, T] such that 

\\l^\\L°^{dnx[a,T]) + <^\\l^\\c^anx[a.T]) < ll7llL°=(ar!x[o,T])7 
supp(7^) <zdnx[r],T- r]] 
and let be the solution to 

dtV^-Av^^O, innx{0,T), 
v''=Y, ondnx{0,T), 
v''{0) = 0, inn. 

From [Ml Theorem 3.2] and either [U Theorem 6.1] or [3 Theorem 2.9] 

(6.1) \\v^\\Lo-{dnxiQ,T]) + e II (Vw')* |U2(aax[o,T]) < ll7llL°=(aax[o,T]), 
and the limits 

lim Vf^(a;, t) = V7;^(p, r) 

(ri;,t)-!-(j3,T) 
{i,t)er(p,T) 

exist and are finite for a.e. (p, t) in 917 x (0,r). Also, G C{n x [0,T]) n 
C°°(17 X [0,r]), = for t < r], and = on x (T - 7/,T]. Moreover, the 
Holder regularity up to the boundary for bounded solutions to parabolic equations 
with zero local lateral Dirichlet data, shows that there are positive constants N = 
N{m, g, T]) and a = a(m, g), with a G (0, 1), such that 

(6.2) \v'{xi,h) - v%X2M)\ < N [\xi - + \t, - i2|]"^' ||7llL-(aax[o.T]), 

when xi,X2&n, T - ^ <ti,t2 <T ^ Theorems 6.28 and 6.32]. 

Let ip{t) = eC^-^'^t^T, t G (0,r), where ipT is in L^{n). From the regularity of 
caloric functions [T31 Theorem 1.7] 

(6.3) ipeC{[o,T];L^{n))nc°°{nx [o,r))nc(nx [o,t)) 
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and from [HI Theorems 1.3 and 1.4] or the proof of (|6.4p and (|6.5|) in this appendix, 
there are N = N[m, g) and e = e(w, £», n) > such that 

(6.4) ll(V¥')*|U=.(o,T-6-;L-+^(ao)) < Ne^/' ||^TllL=(n), 
when < (5 < r and the hmit 

(6.5) hm V(p(x, r) = V(^(p, r), 

a;— 

ler(p) 

exists and is finite for a.e. p G dO. and for aU r € (0,T). Now, let Q,j C ilj+i C il, 
j > 1, be a sequence of C°°-domains approximating f2 as in [U Lemma 2.2]. Set, 
u"^ = tf + e*^uo. By Green's formula, 

Integrating the above identity over [S, T — S] for a fixed 5 G (0, .|), we get 
u^(T-<5)v3(r-(S)(i.T- [ u'[5)Lp{5)dx 



(6.6) 

J dn,-x.(S,T-8) 

Recall that u'^{5) = e^^uo and let j — > +oo in (|6.6p with e and (5 being fixed. Then, 
(|6.ip . (|6.3p . (|6.5p and the dominated convergence theorem show that 



u" {T - 5)ip{T - 5) dx ^ / {e'''^UQ)ip{5)dx ~ / j^^dadt. 

Because 7^ is supported in [rj, T — ?/], the later is the same as 

(6.7) / u'iT-S)ipiT-S)dx^ [ (e^'^uoMS) dx - [ -/"^dadt, 

when < (5 < r;/8. Next, from ([g?^ . 

u"(r - (5) = v'{T - (S) + e(^-^)^Mo = f"(T) + e^^m + 0{S"^^), 
uniformly for x E il, when < 6 < rj/S. Hence, after letting (5 — > in (|6.7p . we get 



{v%T) + e/ "^uoMT) dx ^ / wo¥5(0)da;- / r^dadt. 

Jn Jdnx{T],T-T]) 

Also, from (|6.ip and (|6.2p . converges uniformly over x [T — 7//2, T] to some 
continuous function -u as e — ?► 0. We claim that v = v. If it is the case, we get after 
letting e — >■ in the last equality, that 

/ u{T)ip(T) dx ^ UQip{0) dx — 7^ dadt, 

Jn Jn Jdnx{ri,T-~ri) " 

because 7^(p, r) j{p,t) for a.e. (p, r) G dil x (0,r), (|6.3p and 

supp(7^) U supp(7) C d^l X [77,7 — 77]. 
Recalling that 7 = gxM, we get 



/ u{T)lp{T) dx ^ uo^piO) dx- gxM |^ dadt. 

Jn Jn Jdnx{o,T) 

Hence, (|5.5p is proved. 
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To verify that v = v over ^l x [0,T], observe that because — v is the unique 
solution to 

'5tW-Au = 0, in^lx(0,r), 
M = 7'-7, ondnx{0,T), 
m(0) = 0, infl, 

whose parabohc non-tangential maximal function is in L^{d^l x (0,T)) (See [111 
Theorem 3.2]), it holds that 

(6-8) \\{v^ -v)'^\\L-^{aQx{o,T)) < ^IIt" -7llL2(anx(o,T))- 

For fixed p in dQ, we may assume that p ~ (0', 0) and that near p, 
^ n Z„i^g = {{x', Xn) ■■ 0(a;') < < 2mg, \x'\ < g}, 
with (j) as in ((3T|) and ([3?2|) . Then, 

pT p r<t>{y')+mQ 

/ / / \F{y',y^,t)\^dy'dyndt 

Jo Jb'^ J4,{y') 

<mg [ I F'^{y',yn,tfdy'dt<mg[ F'^{p,tf dadt, 

Jo Jb'^ Jdnx{0,T) 

for all functions F. The above estimate, a covering argument and (|6.8p show that 

(6-9) Wv" - l'|!L2(f2™gX(0,T)) < NW'y" - 7||L2(gnx(0,T)), 

with = {x G : d{x, dH.) < rj}. Recalling that = w = for f < 77, the local 
boundcdncss properties of solutions to parabolic equations |30[ Theorem 6.17] show 
that, 



\iv'-v){x,T)\<l-f \V'-V\ 
\Jb ni.}xlr-^,r] 




when X G dilu, 1^ t < T, and taking R < ^ above, we find from (|6.9p that 

\\v^ - t'||L°°(O«x{0}uaO«x[0,T]) < ^B. \\Y - 7llL2(aOx(0,T)) ■ 

By the maximum principle and the above estimate 

w||L-(n«x[o,T]) < A^flh" -7llL2(af2x(o,T)) — as £^0, 
which shows that u = u in x [0, T]. □ 



Next we give the proof of l6.4p and (j6.5p . For this purpose, we first need to recall 
the following known result which follows from [71 Theorem 3, Lemmas 1 and 8] (See 
also HSl Theorem 5.19]): 

Lemma 16. Let CI be a Lipschitz domain in R", p G dQ and u in (7(17 H B2r(j>)) 
verify Au = in fl (1 B2r{p) and u = on dfl D B2r{p). Then, there are N = 
N(m, g) and e = e(rn, g, n), < e < 1, such that 

||(Vu)*||l2+.(a«(p)) < NR-^-^+'i+^\\u\\L2(B,n(p)nn)- 
Moreover, the limit 

Vw((3') = lim Vm(x), exists and is finite for a.e. q G Afl(p). 

X—^Q 
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Proof of jg.^p and 116.5]) . A covering of the lateral boundary of O x (— ^, ^) and 

the application of Lemma llGl to the harmonic functions Uj{x,y) = eV^^ej(a;) with 
R= ^, j > 1, show that 

(6.10) Uyej)*\\L2+,mn)<Ney^ and lim Vej(a;) = Vej(p), 

xer(p) 

exists and is finite for a.e. p G dfl and for all j > 1. Recall that 

when ipT is in ^^(f]). Then, for {p, t) € dn x [0,T ~ S], 5 > and x € r{p) with 
t <T — S, we have 

|Vvp(x,t)| < ^e-^^-^|(^T,e,)|(Ve,r b). 

Thus, 

and from ((OOl) 

||(V^)*(.,r)|U2+.(ao) < (^^'^j) lll(Ve,riU2+.(an) 

<nJ2 e-'^'+^ I (^T, e,) I < Ne'/' ^ g-^^^/^l (^t, e,) | 
i>i 

Now, integrate (j4.2p over to find that 

and get (|6.4p . Next, for i = 1, . . . , n, X!j<fc e~^'^~*^^^ {(pr, ej) ej, we have 

|{p G 9ri : limsup9i(/3(a;, t) — liminf diip{x, t) > A}| 

ler(p) a:i=r(p) 

= \{p G 951 : limsup {d^Lp - d^ipk) {x,t) - liminf {diip - diipk) {x,t) > X}\ 

X — >p ^ 

.■er(p) -er{p) 



<\{pedn:iV^- V^kT {p, t) > A/2}| 
< J2 (^T, ejf , when t<T-S, 



j>k 

which shows that (|6.5p holds letting k tend to infinity. □ 
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Proof of RemarkW^ From the estimate in Theorem [TOl with Aii{q) C F, 

l|e*^^/IU.(o) < (^e^ll|;e*^/llL^(rx(*,,.)))'lle*^'^/lli7(%, f e L'{n) 

and the telescoping series method, we can get the fohowing i^-observabihty in- 
equahty: 

(6.11) |le^^/|lL^(o) <iVe^/^|||;e*^/|U.(rx(LAL)), L e {0,T). 

Next, rccaU the iP-interpolation inequahty, 

(6-12) ll|;e* f\\L^-(rxiL/2,L)) < \\£ /llL"(rx(L/2,L))ll|; f\\L^'+'{rx{L/2,L))' 
and the bound 

(6.13) |||;e*^/||L^+=(rx(LAL)) < A^e^/^'IL/IU^io), 

which follows from dm]) with T = L and (5 = L/2. Then, from (|6J3)) . (|632| and 

(Em, 



<(A^e~/"ll|;e*^/IU.(rx(o.L)))''ll/llilfa) 



with p = ^^j^*^^^ . In particular, 

lie*^^/|U.(0)<(A^e^/(*-*^)|||;e*^/|Unrx(*.,.)))'||e*^^/||i7f^), 

when 0<ti<t2<T,0<T<l. Finally, making use of the telescoping series 
arguments, we get 

l|e^'^./llL^(o) <^e^/^|||;e*^/|U.(rx(o,T)), f & L^m. 
This, together with Corollary [1] yields the statement in Remark [T21 □ 
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